The problem of synchronization of finite-size chemical oscillators described by active inertial particles is addressed for situations in which they are immersed in a reacting nonstationary chaotic flow. Active substances in the fluid will be modeled by Lagrangian particles closely following the fluid streamlines. Their interaction with the active inertial particles as well as the properties of the fluid dynamics will result in modifying the synchronization state of the chemical oscillators. This behavior is studied in terms of the exchange rate between the Lagrangian and inertial particles, and the finite-time Lyapunov exponents characterizing the flow. The coherence of the population of oscillators is determined by means of the order parameter introduced by Kuramoto. The different dynamics observed for the inertial particles (chemical oscillators) and Lagrangian particles (describing chemicals in the flow) lead to nonlinear interactions and patches of synchronized regions within the domain.
I. INTRODUCTION
Incompressible fluids, especially under turbulent or almost turbulent conditions, can be analyzed with different tools. Lagrangian particles or tracers can be used to follow streamlines, and finite-time Lyapunov exponents (FTLEs) [1] have been employed to identify different areas in the fluid as well as transport barriers in the system. Frequently, these types of fluids carry finite-size or inertial solid particles [2] . These particles do not follow the streamlines and analyzing them is more complicated [3] [4] [5] . Nevertheless, their importance is crucial to understand problems such as sedimentation processes, turbulent flows, rain generation, composite materials, volcanic ash transport, the formation of planetesimals in the early solar system, and other processes such as transport of dust from soil erosion, combustion, or the mixing of sprays (see Ref. [6] for a review).
One interesting problem closely related to the above involves mixing or dispersion of chemically active particles in a fluid environment. This is the case in the dispersion of pollutants in oceans or the atmosphere [7] , although it has also been studied in completely different contexts. An example which has has attracted a lot of attention is the dispersion of catalyst-loaded beads in a liquid environment, which contains the remaining reactants [8] . Typically, one considers the Belousov-Zhabotinsky (BZ) reaction as a paradigm for pattern formation (see Ref. [15] for a review). The BZ system is effectively constituted by a large number of chemical oscillators coupled between themselves as collisions among the beads help exchange information; eventually the oscillators synchronize. The well-mixed situation has been successfully studied by mean-field approximations [8] . In this contribution we focus on situations in which mixing is not perfect, and we study the effects the flow of the fluid may have on the synchronization properties of the system.
We consider a nonstationary flow. The velocity field can, in principle, be obtained by solving the Navier-Stokes equations.
* vicente.perez@cesga.es However, we are interested in the generic effects of mixing and dispersion of chemically active particles that are not sensitive to the details of the flow. Therefore, we model the fluid mixing by the simple kinematic double-gyre flow [1] . Two types of particles with different physical and chemical properties are immersed in such a flow. The first are large and massive particles: they represent the catalyst-loaded beads and can be modeled as inertial particles which do not strictly follow the streamlines. The second type of particles are smaller and are passively slaved to the flow; these Lagrangian particles represent the remaining BZ reactants.
The following section presents the details of the model used. The results of the numerical simulations are described in the section after that, and the paper concludes with a discussion.
II. MODEL
Most of the experiments described above consist of an ensemble of beads loaded with a catalyst and immersed in a catalyst-free solution. In order to simulate these experiments, we make several assumptions: (i) beads are considered to be small spheres of radius a and density ρ b , (ii) the reactant constituents of the solution are modeled as a set of Lagrangian particles moving with the flow, and (iii) the dynamics of the liquid solution is considered to be a nonstationary twodimensional chaotic double-gyre incompressible flow [1] . To account for the chemical reactions between the beads and the solution we choose the Oregonator model; it best represents the experimental setup. In our model an Oregonator system is associated with each type of particle following Ref. [8] . Without flow, chemical concentrations oscillate periodically. Finally, an exchange term between beads and chemicals (described by Lagrangian particles) moving freely with the flow is considered; see the Appendix for details of the chemical model and of the flow. Thus, our idealized model assumes that the flow is modeled by a large population of Lagrangian particles (chemicals in the liquid solution) that exchange properties with the inertial particles (beads) which also move with the time-dependent solution. As inertial particles may follow different trajectories than Lagrangian particles, a nonlinear interaction between both of types of particles is expected.
Under some circumstances, the Maxey-Riley-Gatignol equation [3, 4] can be simplified to a model equation in which added mass and drag are taken into account to describe the motion of inertial particles in turbulent incompressible flows [9, 10] . This reduced equation is given by
with β = 3ρ f /(2ρ b + ρ f ), and where ρ b (ρ f ) is the density of the inertial particle (or the fluid it displaces). The quantity τ s = a 2 /(3νβ) is the Stokes time or particle viscous response time, and ν is the kinematic viscosity; V i = dx i /dt is the particle velocity, and u i is that of the fluid. The dimensionless Stokes number St = τ s /τ f characterizes the effect of the particles' inertia, and τ f accounts for the characteristic time scale of the fluid. For β = 1 the beads have the same density as those of the carrier fluid. The derivative D/Dt is taken along the path of a fluid element, whereas the derivative d/dt is taken along the trajectory of the particle.
In order to characterize the transport of beads and reactants, we introduce the finite-time Lyapunov exponents, which measure, at a given location, the maximum stretching rate of an infinitesimal fluid parcel over the interval [t 0 ,t 0 + τ ] starting at x(t 0 ) = x 0 and finishing at x(t 0 + τ ) [1] . The integration time τ must be predefined and it has to be long enough to allow trajectories to explore the coherent structures present in the flow. The FTLE fields σ are computed along their trajectories in the flow as [11] 
where μ max is the maximum eigenvalue of the right Cauchy-Green deformation tensor C = F T F, and F(x 0 ) = ∇(x(t 0 + τ )). Repelling (attracting) coherent structures for τ > 0 (τ < 0) can be thought of as finite-time generalizations of the stable (unstable) manifolds of the system. These structures govern the stretching and folding mechanisms that control flow mixing. As the trajectories followed by the inertial and Lagrangian particles are expected to be different, their FTLE will also attain different values. So, we refer to the FTLE calculated for the beads as inertial FTLE (IFTLE) [2] , while we keep the name of FTLE for the Lagrangian particles.
Synchronization in the chemical medium, for both types of particles, has been measured in terms of the Kuramoto order parameter R,
where φ j is the phase of the j th oscillator (inertial or Lagrangian particle) and that of the synchronized fraction [12] . The phase of each oscillator is calculated by means of the Hilbert transform [13] . The order parameter is zero when all particles oscillate out of phase with each other (or when the particles are not oscillating) and 1 when all particles oscillate in perfect synchrony.
III. RESULTS
We have studied the motion of inertial (catalyst-loaded beads) and Lagrangian (chemicals dissolved in the solution) particles in a chaotic double-gyre flow in terms of their respective FTLE fields for different values of the Stokes time τ s and the density fraction β. Figure 1 shows the final position of both types of particles after an integration time τ and their FTLE fields. Note the different behavior observed for the two types of particles. While the Lagrangian particles follow the flow, the inertial particles move to the vortices' cores. Correspondingly, the FTLE fields for both types look different. Ridges of the FTLE field enclose regions with negative values of the FTLE as inertial particles cluster inside the vortices [5] .
Accumulation of inertial particles in certain parts of the flow distinguishes them from Lagrangian particle flow; mixing is inhibited for the former type. Lighter particles (β > 1) concentrate inside the inner cores of the vortices; they are driven inward due to the lower inertia. Heavy particles, on the other hand (β < 1), tend to move away and concentrate in regions of the flow characterized by low values of the vorticity (high strain) near the fixed points of the flow. This phenomenon is known as preferential concentration [14] . Note the spiraling effect as beads approach the inner cores of the vortices. The time needed for weakly neutral beads, as those used in the previous figure (β = 1.1), to concentrate at the core increases exponentially as β → 1. However, for the opposite case, β → 0, beads are expelled from the vortices faster.
The different dynamics observed for beads and tracers give rise to a nonuniform behavior in terms of the chemical concentrations and oscillatory periods. To quantify these behaviors we have calculated the phase φ j of the oscillator in each particle, and their oscillation period. Figure 2 shows the phase for the Lagrangian particles for three different values of β (the ratio between the densities of flow and beads). Only two values of the phase were obtained and are represented in the figure in binary color code (dark and light). Note that the black region (φ = 0) increases in size with β. In other words, the concentrations of the Lagrangian particles v I (respectively u I ) inside and outside these regions are not in phase. The difference between both regions is due to the different amount of beads affecting the concentration of Lagrangian particles given by Eq. (A3), via the exchange term in Eq. (A4). The lower row in the same figure shows this number as a function of β. Note that the largest contribution is inside the shrinking phase regions (white color). As the Lagrangian particles move freely with the flow, some of them cross the regions where beads tend to concentrate, contributing to the exchange term, while others do not have this possibility. With increasing β, beads move faster to the inner cores, so fewer Lagrangian particles can exchange chemicals with the beads; as a result, areas with phase φ = 0 (black color) are larger for the same integration time τ . On the other hand, the beads' phase remains uniform for large integration times as all of them share the same Lagrangian particles that cross the inner core.
The role of β, τ s , and the ratio N B /N I on the order parameter R in Eq. (3) has been investigated. Fig. 2 ). The beads tend to cluster together inside the inner cores as described above. For τ s → 0 and τ s → ∞, R → 1 and all Lagrangian particles oscillate in phase. In the limit of vanishing Stokes times, beads recover the dynamics of Lagrangian tracers and follow the flow, so both chemical dynamics are synchronized. It can easily be checked from Eq. (1) that, increasing the Stokes time, inertial particles are less and less influenced by the carrier flow. More precisely, in the limit τ s → ∞, their motion becomes purely ballistic and their distribution in space tends to become uniform, ensuring all Lagrangian particles have contact with beads and so one finds R = 1. Preferential concentration of beads for intermediate Stokes times is triggered by the centrifugal structure of the flow, but it is the dissipative nature of the inertial particle dynamics [Eq. (1)] that is responsible for the strong clustering that develops [10] .
Increasing the value of β leads to a loss of synchronization (R → 0) as lighter particles (β ) move faster to the inner cores and fewer Lagrangian particles can exchange chemical properties with beads (see Fig. 2 ). Finally, increasing the ratio between the numbers of both particles, N B /N I , improves synchronization as more beads are made available for per tracer.
We now turn to the oscillation period of both types of particles. It is well known that chemical oscillating media may be entrained by an external flow [15, 16] . However, in a flow such as ours, which is not well mixed, reactants can show different oscillating periods depending on their location. Figure 4 shows a sequence of oscillation period patterns for the Lagrangian particles calculated at different integration times. Beads oscillate with a constant period during all the integration time τ (not shown here), while tracers show different oscillatory behavior. Only those that exchange chemical properties with the beads oscillate. Thus, for example, for τ = 5 all Lagrangian particles are oscillating with a period nearly equal to 5. Figure 5 shows an example for two different tracers. Note that for one of these, oscillations are inhibited when the number of beads contributing to the exchange term, Eq. (A4), goes to zero for a large period of time. As the integration time increases, beads move to the core of the vortices, and only those Lagrangian particles crossing these two regions will oscillate. The inhibited Lagrangian particles (those that do not oscillate) follow the FTLE ridges and are marked with a period equal to zero (black color). Nearby Lagrangian particles show different oscillation periods. As time goes on, new transport barriers develop that help the inhibited Lagrangian particles to spread through the domain. These regions remain separated from other parts of space and form a fractal set.
IV. CONCLUSIONS
A set of chemical nonlinear oscillators immersed in an active fluid (time-dependent double-gyre flow) have been modeled by means of the interaction of inertial and Lagrangian particles. The flow is not well mixed. Their synchronization has been analyzed as a function of the system parameters. The chemical oscillators are found to synchronize differently in different regions of the system. These regions are separated by the transport barriers of the flow, as revealed by the ridges of the finite-time Lyapunov exponents calculated for the Lagrangian particles.
Preferential concentration of beads in specific regions of the fluid flow has been observed, while Lagrangian particles (used to describe the evolution of the chemicals diluted in the flow) move freely with the flow. Depending on the parameters τ s and β and the ratio N B /N I , some Lagrangian particles may find it difficult to exchange chemical properties with the beads; this inhibits their oscillations. As a result, patches of oscillating and nonoscillating particles are found in the domain. For intermediate Stokes times τ s and for increasing β (lighter beads), the Kuramoto order parameter was found to be less than 1, indicating the presence of nonsynchronized oscillators in the domain. These nonsynchronized oscillators organize themselves in regions separated by the transport barriers.
The generic results here presented may be extrapolated to different turbulent flows such as those that typically appear experimentally [8] when the mixing is not perfect. Typical measurements here are obtained via redox electrodes that provide an average value of the concentrations inside the system. Under these circumstances, our results conclude that different regions with different synchronization properties may arise and, thus, the collective properties recorded should reflect this phenomenon accordingly.
The system here considered constitutes by itself an example of a dynamically evolving complex network [17] . Here the nodes of the network are the inertial and Lagrangian particles, and the connections between the nodes are time dependent and determined by the actual positions of all the particles driven by the flow. The effect of chaotic mixing introduces long-range interactions, as initially distant particles can come together allowing them to interact. Thus, it is possible to imagine new applications of the tools here developed to different contexts within network theory.
over the domain (x 1 ,x 2 ) ∈ [0,2] × [0,1]. T = 2π/ω and A are the period and amplitude of the flow, respectively. For ψ = 0 the system can be thought of as a time-independent two-dimensional Hamiltonian system. For this case there is a heteroclinic connection of the unstable manifold of the fixed point (1, 1) with the stable manifold of the fixed point (1, 0) .
On the other hand, the behavior of each bead is described by using the three-variable Oregonator model for the BZ reaction [18] . Equations for each bead are given by The coupling between the beads and the surrounding tracers is introduced in the above equations through the term
where the sum extends for N tracers within a distance smaller than R 0 from the ith bead position, and similarly for the v concentration and tracers terms H I . The number N is in general a function of time, as beads and Lagrangian particles may follow different trajectories. Increasing R 0 leads to a mean-field approximation where all beads are in contact with all the particles, so all of them contribute to Eq. (A4). For that case, the Kuramoto order parameter R = 1 [Eq. (3)] for any flow parameter.
For the numerical experiments, initially two clusters of inertial and Lagrangian particles were regularly spaced in the domain. We considered the following set of parameters for the simulations presented in this manuscript: A = π/10, T = 10, ψ = 0.25, = 10 −3 , = 10 −3 , q = 0.002, h = 0.7, K ex = 0.3, and R 0 = 0.2. To better account for the experimental conditions described in Ref. [8] , slightly different parameters for the Oregonator model could be set for each of the beads; nevertheless, their effect on the results presented herewith were not significantly different. For a stationary flow and this set of parameters, the chemical medium oscillates periodically. The differential equations are stiff and were integrated using a fourth-order Runge-Kutta scheme with a fixed time step t = 10 
